Time:
Towards a
Consistent
Theory, chp.
5b

1 Introduction

Annex 2

HAPTER IV ended with the hope that the introduction of the field may help to resolve
the paradoxes of thermodynamics. But in Chapter VA we saw that the introduction of
the field seems to create more problems than it solves.

Let us, for the moment, forget about the field, or else let us adopt the point of view that
thefield is a dispensable intermediary between particles. Let uslook, instead, at the nature
of the many-body problem (of electrodynamics), and the novel features arising from the
finite speed of interaction: to measure time, or anything else, one must postul ate that the
speed of light is constant.

What are the consequences of the finite speed of interaction? We recall Poincaré' s
remark: ‘ The state of the world will depend not only on the moment just preceding, but on
much older states.” In both caseswe obtain what Poincaré called (p 65) ‘equations of finite
differences . As Poincaré further argued, the substance of physicsliesin its mathematical
formalism — the * mechanical explanations' are redundant. So, between fieldsand particles,
it matterslittle which mental picture we feel comfortable with.

How does the finiteness of the speed of interaction affect the underlying equations? To see
this, consder asystem of n particles. In thefield picture, an accelerated charged particle e gives
out retarded radiation which isincident upon other charged particlesep, eg, ..., en. Theoutgoing
retarded wave accel erates other charged particlesat later or retarded times. Inthe particle picture,
only these accel erations matter: the acceleration of e at timet depends upon the acceleration of
€2, €3, ..., en, a past or retarded times, say t—12, ..., t—Tn. Ignoring, for the moment, the question
of self-action and radiation damping, the difference between the field-picture and the particle-
picture does not show up mathematically.
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2 Thetwo-body problem of electrodynamics

2.1 Formulation

For example, the equations of motion of two charged particlesi and j, in one dimension,
interacting solely through retarded radiation (and without radiative damping) take theform:?!

[1+2(s)]"* son [z(s)-7(S)] (1)
12(5)-3(S))5(5)-[a(8)-2(5) Cch(5)

A(s) = X

where (t, ), with the appropriate subscript, denote the coordinates of the world-lines of the
particles, dotsdenotedifferentiation with respect to the proper timess, s; of thetwo particles,
and (i,j)) = (1,2) or (2,1). Given s, the retarded proper time s in the above equation,
corresponds to the point at which the backward null cone from the point (ti(s), z(si)) meets
theworld line of particlej. Thisis obtained from (see Fig. 5):

cHi(s)-ti(s)H = La(s)-3(s)0 (2)

The difficulty of having two independent variables can be removed by rewriting (1) as

Vi(t) _ ()'k DC—(—l)jVj(t—Tji(t)) (1)
[122®/c?17 m%i)  cHDly(t-Ti)

wherek = —e1 e2/¢c?, the explicit retardations

Ti (1) = t-t (g) (2)

are obtained from equation (2), primes denote differentiation with respect tot, and vi = Zj is
the velocity.

Reforming the notation (to use bars rather than subscripts), and using unitswithc =1,
these equations may be rewritten:

V() _ b 1H(t-T) (33)

(17017 @ D

V(1) _ _b 1-v(t-T) (3b)

1017 - 2 e

whereb = -k/m, b=-k/m, and
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(D) = IXO-XE-1)] (4a)
() = OX(O)—x(t-1)0. (4b)

We can now see the difference quite clearly: the character of the differential equation
has changed. The system of equations (3) is no longer a system of simple differential
equations, but is a system of ‘difference-differential equations’ or a system of ordinary
differential equations (0.d.e.’s) with retarded deviating arguments. The *accelerations’ of
the particles at timet depend upon their velocitiesv, v at past or retarded times, t-T, t-T.

What is the significance of this change? To study the two-body problem of
electrodynamics, one must study o.d.e’s with deviating arguments. even the simplest
qualitativefeaturesof such o.d.e.’ scompletely destroy the Newtonian paradigm, and suggest
aresolution of the paradoxes of thermodynamics, and the paradoxes of advanced action.

2. 2 Some definitions

A first-order o.d.e. hastheform

X (1) =1 (t, x(1)), ()

wherefissomefunction (generally non-linear). Itiswell known that the most general system
of 0.d.e.” s can be reduced to a system of such equations, i.e., to theform (5), regarding x as
avector, if necessary. Itisalsowell known that (under some mild requirement of continuity
on f) prescription of the “initial value’' x(0), at an instant t = 0, determines a unique solution
X(t) of (5) in aneighbourhood [-6, 8] of t=0. Thisisthe Newtonian paradigm.

In contrast, adifferential equation with deviating arguments has the form

X = f(t, x(@), x(t-1) ). (7)

The ‘dependent variable’, the function x, appears for more than one value of its argument,
the *independent variable’, t.

An equation with deviating argumentsis classified asretarded, or history dependent, if
the highest order derivative of the unknown function appears for exactly one value of the
argument, and thisargument is not less than all the arguments of the unknown function and
its derivatives appearing in the equation. For example,

X(0) = £t x(®), x(t-1(1)) ) (8)

is called retarded if T(t)>0.

Similarly, the equations of motion of charged particles interacting solely through
advanced radiation correspond to anticipatory behaviour, or an o.d.e. with advanced
deviating arguments,

X(t) = f(t, x(©), x(t+1(t))). (8)
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The definition requires the same proviso as above, except that now the argument of the
highest order derivative must be lessthan or equal to all the other arguments of the unknown
function, i.e., T(t)>0in (8), or ©(t)<0in (7).

More generally, a system of charged particles interacting through both advanced and
retarded radiation displays partly anticipatory behavior, corresponding to an o.d.e. with
mixed-type deviating arguments:

X(t) = £t x®, x(t-12()), x(t+12(1))). 9)

From now on, equations of the type (7), (8), and (9) will be referred to as retarded,
advanced, and mixed-type o.d.e.’s. The mathematical theory of such differential equations
with deviating arguments, also known asfunctional differential equations, differsfrom the
mathematical theory of the usual differential equations.

2. 3 Therecurrence paradox and the past-value problem

Van Dam and Wigner2 considered equations involving both retarded and advanced fields.
They asserted (without proof) that instantaneous positions and velocities were sufficient to
determine unique trajectories.

Now, with electromagnetic interactions taken into account, the many-body equations
of motion (3) are retarded 0.d.e.’s. However, for the smplest model of even a retarded
differential equation, modeling a history-dependent situation, it isinadequate, in generd, to
provide initial data at a point. Consider, for instance, the o.d.e with constant retardation
w2,

X(0) = X(t-3), 120, (10)

To obtain aunique solution, it isinsufficient to specify only the state at one point of time,
say X(0). Thus, x=cost and x = sin t are obvious solutions, and since the equation is linear
x = aldost + bldintisasolution for arbitrary constants a and b, and both a and b cannot be
determined from a knowledge of x(0).

Sincethebehavior ishistory-dependent, itismorereasonabl eto ask for auniquesolution
after prescribing the past history, i.e., an initial function x = ¢, over the relevant part of the
past: the interval of retardation, [-172, 0].

In general, aunigue solution of the past-value problem for the retarded system,

X(t) = f(t, x(t=11(t), t-T2(1), ..., t=Tn(1)) ), (1)

may be obtained under the following sufficient conditions.3 (i) All delays, i, are bounded,
and (ii) some technical conditions such as a local Lipshitz condition and a continuity
condition are satisfied.

From the point of view of thermodynamics, the interesting conclusion isthe following.
The hypotheses underlying the recurrence paradox have been destroyed: there is no longer
a unique trajectory through each point of phase space. More than one trgjectory may pass
through each point of phase space; trgjectories may intersect (Fig. 1).
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Effects of History D d A
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2.4 Thereversibility paradox: time asymmetry of delay

For retarded o.d.e.’s the intersection of trgjectories takes place preferentially towards the
future, in a way that destroys the hypothesis underlying the reversibility paradox. An
ordinary differential equationistimesymmetric: it may be solved either forward or backward
in time. From a knowledge of the current values, Newton’ s laws may be used to predict the
future or retrodict the past. However, aretarded 0.d.e. relates past causes to current effects.
Such an equation may be solved forward in time, but not, in general, backwardsin time.

Consider the following ordinary, linear, retarded differential equation with constant
coefficients, and constant retardation r:

X(t) = ax(t) +bx(-r), (12)

with b different from zero and r>0. To solve the equation backwards, it is only necessary to
solve an algebraic equation,

x(t-r) = x'(t)—bax(t)’ (13)

to obtain the solution on [t-2r, t-r], given x=¢ on [-r, 0]. For nonlinear equations, this
already meansthat backwards solutionswill not be unique. For the case under consideration,
suppose az—b and we prescribe ¢(t) =k, a constant, on [-r, 0], and ask for a backwards
solution for t < 0. Then (13) implies that x(t) = —ak/b so that the unique solution of the
algebraic equation (13) fails to be continuous, and hence differentiable. Therefore, a
(continuous) backwards solution of (12) does not exist in general.

Of course, one could think of choosing afinal function in such away that the solution
exists. But then the solution would, in general, fail to be unique. Consider

X(t) = b(t) x(t-1), (14)

whereb isany sufficiently smooth (e.g. continuous) function which vanishes outside [0, 1],
and with
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jb(t) dt = -1. (15)
For example,
5 0 t <0, (16)
b(t) = -1+cos2it 0<t<i,
5 o0 21,

Fort <0, (14) reducesto X (t) = 0 so that, for t < 0, x(t) = k for some constant k. Now if
k is any constant then, for t (1 [0,1],

f

x(0) + Io X(s) ds

X(t)

{
x(0) +fo b(s) x(s-1) ds

(17)

I
x(0) + x(0) fo b(s) ds,

since x(s—1) = k=x(0) on [-1, 0]. Hence, using (15), x(1) =0 no matter what k was. But
X(1) =0,and b(t) =0fort =1, implies, by (14), that x(t) = 0 for all t = 1. Consequently, (14)
does not admit a unique backwards solution even if we prescribe future data for all future
timest>1. Thus, if ¢ differs from O on [1,0) there are no backward solutions. But, if
¢ =0o0n[1, »), thesolutions branch into the past (Fig. 2), and thereisnoway to pick aunique
solution from the infinity of continuous solutions that are available.

Time Asymmetry of Delay Fig 2: Time asymmetry of delay
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2.5 Preacceleration: the Taylor-series approximation

We saw in Chapter VA that the study of radiative damping and, in particular, the Schott
term, leads to equations that are of the third order in time, resulting in the preacceleration
of the electron. Dirac, in 1938, obtained these equations by means of a Taylor expansion
which seems unavoidable.* Many other authors® have attempted similar approximation
procedures, using a Taylor series expansion to get rid of retarded/advanced expressions, in
dealing with the two-body problem in electrodynamics and gravitation. Physically, this
procedure meansthat we model ahistory-dependent system by an instantaneous system with
additional degrees of freedom.

Thisprocedureisknown to be, in general, invalid. Thismay be seen from thefollowing
counter-example,

X(t) = =2 x(t) + x(t-r), (18)

wherer>0isasmall constant. Every solution of this equation is bounded® and tendsto zero
ast - oo, But if we choosethe Taylor series approximation to theright hand side and truncate
after two terms, we obtain

X() = ~2x(0) + [XO-TX(0) + 3 (D), (19

which admits exponentially increasing solutions x(t) = ¢ exp(at), with a > 0. Thus, the
Taylor approximation of (18) by (19) leads to qualitatively incorrect behaviour, no matter
how small r is, so long as r>0.

It may be shown that it is not the order of the approximation which is at fault: with
instantaneous data, even an infinite number of degrees of freedom isinadequate. The order
of the approximation does, however, make a difference from the numerical point of view,
as pointed out by EI’ sgol’ts,” ‘ since the transition is equivalent to the rejection of the term
with the highest order derivative in an unstable-type differential equation with a small
coefficient before the highest derivative. [ Emphasis mine]

In the usual treatment of the numerical solution of retarded 0.d.e.’s, attention isfocused
upon the discontinuitiesthat might arise at the ends of delay intervals (e.g. Solution 1 of Fig.
1). However, onewould expect the general electrodynamic many-body problemto be‘ stiff’:
there could be oscillations at widely varying frequencies. In view of the Dahlquist barrier,8
A-stability failsfor any rulehigher than thetrapezoidal rule, so that the Taylor approximation
could be numerically misleading for derivatives of order greater than two.® Thus, Dirac was
perhaps right in away when he rejected the higher order terms as too complex to apply to
‘asimplething like the electron’.

To summarize, the origin of the Schott term in the Lorentz-Dirac equation of motion
ismathematically dubious, and can result in qualitatively incorrect behaviour, though it may
yet provide amore robust numerical approximation than would be obtained by theinclusion
of higher-order relativistically covariant terms. The alternatives that have been proposed,10
to the Lorentz-Dirac equation, have not proved satisfactory.1!
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ABSTRACT. We present abrief exposition of the orthodox axiomatic approach to g.m., indicating therelation
to the text-book approach. We explain why the usual axioms force a change of logic. We then explain the
attempts to derive the Hilbert space and the probability interpretation from a new type of ‘and’ and ‘or’ or a
new typeof ‘if’ and*not’. Included arethe Birkhoff-von Neumann, Jauch-Piron, and quantum logi ¢ approaches,
together with an account of their physical and mathematical obscurities.

Instead of entering the labyrinth of subsequent developments, which seek new algebraic structures while
accepting the old physical motivation, we present an exposition of the structured-time interpretation of g.m.,
which seeks anew physical motivation.

Wesaw in Chapter VB that, with atilt in the arrow of time, the solutions of the many-body equations of motion
areintrinsically non-unique. In Chapter VIA we had indicated how this non-uniqueness relates to achange in
the logic of time. We now explain how the resulting changesin thelogic and structure of time lead to a new
type of ‘if’ and ‘not’, of the kind required by g.m., while escaping from the criticism which applies to the
earlier ‘quantum logic’ approaches.

We briefly indicate the analogy between thislogic and the temporal logic required for the formal semantics of
parallel-processing languages like OCCAM, and distinguish the structured-time interpretation from the
superficially similar many-worlds interpretation and the transactional interpretation of g.m.

1 Introduction

HE preceding chapter introduced the problem of a non-trivial structure of time: the

(local) topology of time, in the real world, might be different from that of thereal line.
Thereal-linetopol ogy differsfrom the mundaneview of apast-linear future-branching time,
used to demarcate and validate physics. Moreover, there is possible incoherence about the
structure of time, evenwithin physics, asdifferent structuresmay besimultaneously implicit.

We explained how the notion of a structure of time could be formalized in terms of
properties of the earlier-later relation (U-calculus) or, more generally, using an appropriate
(temporal) logic.

Thischapter dealswithtwo earlier claims(a) that an appropriately structured time could
be related to the change of logic required by the axiomatic formulation of g.m., and (b) that
the hypothesis of atilt in the arrow of time implies such an appropriate structure. The other
consequence of the basic hypothesis, viz. non-locality, is hardly a serious drawback since
we saw in Chapter VIA that locality isafuzzy and metaphysical requirement which lacksa
basisevenin classical physics.

To reiterate, the aim of this chapter is to present an exposition of the structured-time
interpretation of g.m. which relatesthe many-body equationsof motion of non-local classical
(relativistic) mechanics, the emergence of alogical structure, or a non-trivial topology of
time,* and the mathematical formalism of g.m.

8§ 2 presents an exposition of the orthodox Hilbert-space axiomatics of g.m. and relates
it to the usual textbook approach. § 3 explains why the orthodox axiomatic approach forces
achange of logic and goesonto present an exposition of the ‘quantum logic’ approach, its
relation to the Hilbert-space axiomatics, and its obscurities. Theideaisto distill the body of
g-m.toitsalgebraicandlogical ‘ skeleton’. Finally, 8 4 presentsthe structured-time approach,





