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triangle on each side, and continue the process. We do not know from where the Greeks
obtained this technique, nor whether the attributions to the Greeks are at all valid. In
any case, an important variation of this technique is commonly attributed to Archimedes,64

though I know of no serious evidence linking this technique to Archimedes. This method is
described in more detail in Appendix 3.C.

Liu Hui’s Method

Liu Hui’s method of computing π was rather similar. He used only inscribed polygons
and his method corresponds to the recursion formula
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where pn is the side of the inscribed polygon, andR, the radius of the circumscribed circle, he
took equal to 1. Liu, too, started with the hexagon, which is the natural thing to do, since in
this case pn = 1. Doubling to 12, 24, 48, and 96 sides he obtained his value of π = 3.141024.
Apparently Liu continued this process up to a polygon of 3072 sides. Of course, it is not
likely that Liu used the above recursion formula. Also, I have been unable to determine the
exact method used by Liu Hui to compute square roots, which is the critical ingredient. As
far as I know, no one prior to Āryabhat.a states a general technique for extracting square
roots.

Āryabhat.a’s Method

Āryabhat.a, however, had an elegant method (essentially the current method) of extracting
square roots, using the decimal place value. This method was applied to determine the value
of π as follows. The geometrical idea here was to cut out a circle from a square (Fig. 3.1).

We reproduce the method in full from the Yuktibhās. ā commentary to bring out the flavour
of the techniques used, which have not before been explained. This process relies on oc-
tagons rather than the hexagons used by “Archimedes” and Liu. All calculations make re-
peated use of the “Pythagorean” “theorem”, better renamed the sine rule, for the Indian
tradition introduced and worked with sines rather than Ptolemy’s chords, and the proposi-
tion in question is equivalent to the sine formula R2 sin2 θ + R2 cos2 θ = R2. Alternatively,
for the sake of simplicity, it could be renamed the “diagonal rule” for in the sulba sūtra the
rule is described by linking the square root of the diagonals of a rectangle to the square of
the sides.
Step 1. Construct a square with sides equal to the diameter of the required circle.
Step 2. Draw the north–south and east–west lines to form four small squares. The required
circle meets the square at the four cardinal points. Draw a line from the centre to the south-
east corner.
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Figure 3.1: Cutting corners. The desired circle is the one inscribed in the polygon. At each stage
one cuts off from the corner of the polygon an isosceles triangle by measuring out the sides, from the
corner. The base of the triangle is tangential to the desired circle.

Step 3. The idea is to cut the south-east corner C along the line AB, and to repeat this
process at the remaining 3 corners of the square. The requirement is that the resulting
octagon (Fig. 3.2) should be equilateral. Alternatively, the requirement is that the line AB
should be tangential to the required circle at the point where the circle intersects the line
OC from the centre to the south-east corner.
Step 4. Let x be the side of the required octagon, and r be the radius of the required circle.
Applying the sine rule to the right-angled isosceles triangle ABC with hypotenuse AB, we
obtain the quadratic equation x2 = 2

(
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2

)2, with positive root x = 2r(
√
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√
2r is the diagonal of the smaller square.

Step 5. Since the triangle ESC is similar to triangle ABC, h
r = x

r−x/2 , so by the rule of three
r− x

2 = rx
h . Measure out this last quantity (= CA, CB, Fig. 3.2) and cut the corner. (Observe

that this quantity corresponds to an irrational number, that is being calculated and measured
out, a process inconceivable in the synthetic reinterpretation of “Euclidean” geometry.)
Step 6. The first approximation to the circumference (= 2πr) is 8x, and this gives π ≈
3.313708.
Step 7. (Fig. 3.3) The idea is to cut the corner B of the octagon, along the line B1B2, and
to repeat this at the other seven corners, to get a 16-sided figure. Observe that the required
circle meets each polygon tangentially at the mid-point of its sides. Thus, the line joining
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Figure 3.2: The octagon method. This method of calculating circumference or π starts with a square
of side equal to the diameter of the desired circle, and proceeds by cutting off the corner of the square
and of the successive polygons so obtained at each stage, to obtain the next equilateral polygon. This
differs from the hexagon-doubling method attributed to Archimedes and Liu Hui.
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Figure 3.3: Detail of the octagon-doubling method. The figure shows the situation in the south-east
square where the two corners of the octagon at B and A are cut by calculating and measuring out the
sides of an isosceles triangle. The key to the recursion formula is that the required circle meets each
such polygon tangentially at the mid-point of its sides.
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the centre to the mid-point of the side of the octagon has length r. Solving the right-angled
triangle OBO1, gives (OB)2 = r2 + x2

4 , hence BO2 = OB − r. But BB2 = x
2 −

y
2 , and

O2B2 = y
2 , so we can calculate y by applying the sine rule to the triangle BO2B2. In fact,

this gives the formula y = r a2−k2

a , where a =
√

2− 1, k =
√

(a+ a2)− 1, and π = 16k
a .

Step 8. The method and calculations in the above step can be repeated indefinitely. Hence,
we are led to the following numerical algorithm. Let

g(x) =
√

(1 + x2) − 1,

f(x) =
g(x)
x

.

The algorithm computes, to level n,

z0 = a = (
√

2− 1),

zi = f(zi−1),

π ≈ 22+i+1zi.

It is clear that the algorithm involves computation of only squares and square roots, and
Āryabhat.a had already stated efficient algorithms for these, which use the decimal place
value notation. We took a short cut, and wrote a computer program, using the intrinsic
sqrt function in Turbo C. The results show that Āryabhat.a used either the value n = 5, or
the value n = 6, corresponding to a polygon with 512 sides or 1024 sides. In particular,
Āryabhat.a’s octagon method could not have been the method used by Liu Hui, who clearly
used a technique similar to that of “Archimedes”, since 3072 = 3 × 1024 = 3 × 210 is not
a power of 2 but is a number that would be obtained on the hexagon-doubling method.
The same method of hexagon-doubling must have been used by al-Kashi, since he used a
polygon with 3× 228 sides.

V
THE DERIVATION OF THE SERIES EXPANSION

Computation of the Circumference

Having outlined the above procedure of calculating the circumference of the circle, using
square roots, the Yuktibhās. ā now points out that it is possible to avoid the cumbersome
computation of square roots, and proceeds to calculate the circumference using a series
expansion. (This is closely analogous to the avoidance of square-root extraction while com-
puting sine values.) Unlike the geometric technique of computing circumference which is
restricted to the calculation of π, the infinitesimal techniques can be used also to calculate
various trigonometric values. This provides an important link between the computation of
the circumference (“π”) and the computation of sine values proper, using Āryabhat.a’s finite




