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Recap

» Calculus with limits difficult to teach.
» Limits taught on account of rigor.

» However, no unique or universal way to define derivative
or infinite sums: e.g.

1-14+1-1+...

> (same as problem of defining product of distributions)
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Recap

» Notion of deductive proof is not a universal notion:
empirical proofs were invariably used in math prior to
the 20th c.

» No universal notion of logic: mathematical proof offers
no certainty.

» Brings in a theological component into math which is
unnecessary.

» Supported by distorted history developed during the

Crusades: Pythagoras, Euclid etc. Big stories, nil
evidence.
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Case of calculus is a similar case of wildly distorted
history.

Calculus developed in India from the 5th to 15th c. to
calculate precise trigonometric values.

These trigonometric values were badly required for
European navigation.

Hence Indian calculus texts were translated and sent to
Europe by Jesuits based in Cochin in the 16th c.
However, during the Inquisition, its non-Christian origin
was not acknowledged, and it was attributed to Newton
and Leibniz.
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In fact, the Indian way to sum infinite series was not
understood by Newton, etc.

This led to the theory of limits which is a more difficult
way to do calculus.

The Indian way of doing calculus better suited to
computer technology, and should be used to teach
calculus in place of limits.
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In fact, the Indian way to sum infinite series was not
understood by Newton, etc.

This led to the theory of limits which is a more difficult
way to do calculus.

The Indian way of doing calculus better suited to
computer technology, and should be used to teach
calculus in place of limits.

Will present a brief account. Full account in my book.

Calculus without
Limits

C. K. Raju

The argument



Calculus w
Limits

PEARSON LONGMAN C. K. Raju

History of Science, Philosophy and Culture

in Indian Civilization
The argument

General Editor D. P. Chattopadhyaya
Volume X Part 4
Cultural Foundations of Mathematics
The Nature of Mathematical Proof and

the Transmission of the Calculus
from India to Europe in the 16th c. CE

C. K. RAJU

PHISPC

Centre for Studies in Civilizations




The evidence

» It has long been known that infinite series were found in
India

Calculus without
Limits

C. K. Raju

Calculus and
infinite series in
India



The evidence

» It has long been known that infinite series were found in
India

» in widely distributed palm-leaf manuscripts from Kerala
etc.

Calculus without
Limits

C. K. Raju

Calculus and
infinite series in
India



The evidence

» It has long been known that infinite series were found in
India

» in widely distributed palm-leaf manuscripts from Kerala
etc.

» (first reported in a British journal by Whish in 1835).
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The

evidence

It has long been known that infinite series were found in
India

in widely distributed palm-leaf manuscripts from Kerala
etc.

» (first reported in a British journal by Whish in 1835).

» Some of the texts are Yuktibhasa, Tantrasangraha,

Karanapaddhati, or Nilakantha's Bhasya on Aryabhatiya
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The sine series

» The “Taylor" series expansion for the sine stated in two
verses, as follows (numbers refer to published
Yuktidipika, critical ed. K. V. Sarma).

frger ITaEtar I aEcRATT T |
BV eI e SATaiEd: FATE Il o |

TIT AT FTATSHT TG eS|
StraTqed, duarseaa fagr geafeqr fGra: 1eeg
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Translation

» Multiply the arc by the square of the arc, and take the
result of repeating that [any number of times].
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[literally, the root] and multiplied by the square of the
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» Multiply the arc by the square of the arc, and take the

result of repeating that [any number of times]. Caleuus and
infinite series in
India

» Divide [each of the above numerators] by the squares of
successive even numbers increased by that number
[literally, the root] and multiplied by the square of the
radius.

» Place the arc and the successive results so obtained one
below the other, and subtract each from the one above.

» These together give the jiva, as collected together in
the verse beginning with “vidvan” etc.



Mathematical Translation

» Let r = radius of the circle, s = arc and let t, = the
nth expression obtained by applying the above rule.
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» Let r = radius of the circle, s = arc and let t, = the
nth expression obtained by applying the above rule.

» Numerator: multiply the arc s by its square s, this
multiplication being repeated n times to obtain
n
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» Let r = radius of the circle, s = arc and let t, = the
nth expression obtained by applying the above rule.

Calculus and

» Numerator: multiply the arc s by its square s, this infinite series in

India
multiplication being repeated n times to obtain
n

s - [] s%
1

» Denominator: multiply the square of the radius, r?, by
[(2k)? + 2 k] (“the squares of successive even numbers
increased by that number") for successive values of k,
repeating this product n times to obtain

n
[T r?[(2k)? + 2k].



Math translation: contd.

» Thus, the nth iterate is obtained by

t, =

s2n .5
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» Thus, the nth iterate is obtained by
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52,, s India
t, = .
" (22 +2) - (42 + 4)- - -[(2n)2 + 2n] - r2n
(1)
» The rule further says:
wva = s—tp +th—t3 + tg—1t5 + ... (2)
s3 s°

= ST a@iy " reiy@re O



Math Translation contd.

» Substituting
(1) jiva = rsin 0,
(2) s = r0, so that 2" +1 /20 = r2ntl and
noticing that
(3) [(2k)? +2k] = 2k - (2k + 1), so that
(4) (224+2)(4>+4)---[(2n)®> + 2n] = (2n + 1)1,
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Math Translation contd.

» Substituting

(1) jiva = rsin 6,

(2)s = r0, sothat 2" +1 /2" =

noticing that

r92n+1 and

(3) [(2k)? + 2k] = 2k - (2k + 1), so that

(4) (2242)(42 +4)---[(2n)> + 2n] = (2n + 1)1,
» and cancelling r from both sides, we see that this is

entirely equivalent to the well-known expression
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» For actual numerical calculation, the sine series was
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The series used for numerical calculation

» For actual numerical calculation, the sine series was

rewritten
| 4
. . s3 r N s°
va = - = T —-
] B 2212 S (22+2)( T4
s r(3)° s° r (%

)5
S @ie e @

T "
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» For actual numerical calculation, the sine series was
rewritten
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India
—_ 53 r N 55 r .
va = § — —-———— >, )
J @y e @@+
3 3 5 5
3 (22+2) c® (22+2)(42+4)

» where ¢ = 5400’ was a quarter of the circumference of
the standard circle (with circumference 21,600").
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» For actual numerical calculation, the sine series was
rewritten
> ﬁ\?ilrf iutleussear?ec; in
India
—_ 53 r N 55 r .
va = § — —-———— >, )
J @y e @@+
3 3 5 5
3 (22+2) c® (22+2)(42+4)

» where ¢ = 5400’ was a quarter of the circumference of
the standard circle (with circumference 21,600").

» Thatisc= %r for this circle.



Series for numerical calculation

» The coefficients of this series were calculated and stored
in the verse beginning vidvan etc.

fagiq g=aer: FETofa=a: qardeiaferr
ffeggi=es ffea=y g =9 |
Tty Haredseyqy: et fagaat<s-
T ATAHIGIIYT F79 G || €39 |
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Series for numerical calculation

» The coefficients of this series were calculated and stored
in the verse beginning vidvan etc.

fagiq g=aer: FETofa=a: qardeiaferr
ffeggi=es ffea=y g =9 |
Tty Haredseyqy: et fagaat<s-
T ATAHIGIIYT F79 G || €39 |

» Here vidvan etc. are reverse sexagesimal katapayadi
expressions for five numbers
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Translation

» vidvan, tunnabala. . ..

» Successively multiply these five numbers in order by the
square of the arc divided by the quarter of the
circumference [i.e., 5400],
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circumference [i.e., 5400],

» and subtract from the next number. [Continue this
process with the result so obtained and the next
number.]
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» vidvan, tunnabala. . ..

» Successively multiply these five numbers in order by the st

square of the arc divided by the quarter of the india
circumference [i.e., 5400],

» and subtract from the next number. [Continue this
process with the result so obtained and the next
number.]

» Multiply [the final result] by the cube of the arc divided
by quarter of the circumference, and subtract from the
arc.
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Mathematical translation

» Let vidvan = ay1, tunnabala = ag... a7, as, as,
» Starting with vidvan (a11), multiply it by (s/c)? and
subtract it from the next number: tunnabala ( ag).
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Mathematical translation

» Let vidvan = ay1, tunnabala = ag... a7, as, as,
» Starting with vidvan (a11), multiply it by (s/c)? and
subtract it from the next number: tunnabala ( ag).

» Again multiply the result by (s/c)? and subtract from
the next number.
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» Let vidvan = ay1, tunnabala = ag... a7, as, as,

» Starting with vidvan (a11), multiply it by (s/c)? and
subtract it from the next number: tunnabala ( ag).

Calculus and
infinite series in

» Again multiply the result by (s/c)? and subtract from T
the next number.

» Multiply the final result by (s/c)® and subtract from
the arc s, to obtain the jya. Thus, the result my be
expressed by the formula (same as (?7))

o = s (P (- O]
e @=]]]] o



Katapayadi system

» Each consonant corresponds to a number according to
Sanskrit alphabet. (For conjoint consonants only the
last matters.)

O OO NOOL P WN -

YH4d 4o g4

KT R T I T

1 5 oo 8 q

Y449 93 49
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» The five numbers are clearly
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Vidvan etc.

» The five numbers are clearly

T T\ K
x=5(3)

» (The even values of k are used for the cosine series.)
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India
ro/m\k
g = ﬂ (5) ) (7)

» (The even values of k are used for the cosine series.)

» In sexagesimal notation, a number is interpreted using
first (kald), second (vikala), and third (tatpara)
sexagesimal minutes. Thus,
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> vidvan = vidvan =440 = 0"44" (for dva use the

conjoint consonant rule),
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» vidvan = vidvan =440 = 0"44" (for dva use the
conjoint consonant rule),

» tunnabala = tu nna ba la=60 3 3 = 33"06",
kaviSanicaya = kavisanicaya=145061 =
16’05"41" | sarvarthasilasthira = sa rva rth ST la sthi ra
=7475372=27357"47", nirviddhanganarendraru
= ni rvi ddha nganarendraru=04930222=
222039"40" .
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Value of 7

» Thus, the above process gives a numerically efficient
way to calculate trigonometric values.
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3437 44" 48"
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» Thus, the above process gives a numerically efficient
way to calculate trigonometric values.

» using the 11th/12th order " ‘Taylor”’ polynomial, to get
accuracy to the third sexagesimal minute.

» It requires only a value of 7 stated as Devo visvasthalr
bhrguh, corresponding (in reverse order) to 34374448 or
3437 44" 48"

» More accurate than 7th c. Bhaskara I's figure of 3438/,
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Value of 7

» Thus, the above process gives a numerically efficient
way to calculate trigonometric values.

» using the 11th/12th order " ‘Taylor”’ polynomial, to get
accuracy to the third sexagesimal minute.

» It requires only a value of 7 stated as Devo visvasthalr
bhrguh, corresponding (in reverse order) to 34374448 or
3437 44" 48"

» More accurate than 7th c. Bhaskara I's figure of 3438/,
» or 9th c. Vatesvara's figure of 3437/ 44" )
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Value of 7

» Value of 7 also stated in older bhita samkhya system,
which uses word numerals (from Nilakantha's
AryabhatiyaBhasya
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Value of 7

» Value of 7 also stated in older bhita samkhya system,

>

v!hich uses word numerals (from Nilakantha's
AryabhatiyaBhasya

EHUTHSIT AT JHecara=T aifaaeargamar —
[
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» Value of 7 also stated in older bhita samkhya system,
which uses word numerals (from Nilakantha's
AryabhatiyaBhasya
Calculus and
infinite series in
» India
FEHUTAST ATIT: TAeATHaT T a=am smar —

.
.

fagerrre e AR
et giafaeas TR sHTgguT: |

» Madhava of Sangamagrama spoke the approximate
[asanna] number of the circumference of a circle:
vibudha [33] netra [2] gaja [8] ahi [8] hut3sana [3] tri
[3] guna [3] veda [4] bhavarana [27] bahavah [28], i.e.,
[2,827,433,388,233] is the measure of a circle of
diameter nava [9] nikharva [100,000,000,000].



Value of 7 contd.

» Corresponds to value of 7 = 3.141,592,653,5922.. . .,
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Value of 7 contd.

» Corresponds to value of 7 = 3.141,592, 653,5922. ..
» accurate to 11 decimal places
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» Corresponds to value of m = 3.141,592,653,5922. . .,
» accurate to 11 decimal places

» with the 12th and 13th places (92 respectively) differing
slightly from their accurate value (89).



Madhava's sine table

I AT Fiee™T fFATgd e TaT: |
aIaT vTEsar e fafg =
ST AT @ SE YT |
formreETeTr TS ST e |

STATAAT AT AT Har arfeq gt |
TET TIMHATE AT gTET ae |

T AT FATATA: TIAT AT |
FATL ATTGoAT adT [aBsaers T Wi |

eI eI HETedT ATIaIiadr: |
FEIafayg @ freraqausHiaar: I 2.2 .4 |
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Table: Madhava's sine values

Calculus and
infinite series in

No. Katapayadi kala (") vikala(”) tatpara(”’)  india
1 & 917 Fiess™T 224 50 22
2 faTfedeymaT: 448 42 58
3 qUAT ATIgEST 670 40 16
4 weaw fafg TEaq 889 45 15
21 T gar &ITArd: 3371 41 29
22 9SIT ATLISIAHIT: 3408 20 11
23 FEWML AETEEAT 3430 23 11

24 zET fazaert g 3437 44 48
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Table: Accuracy of Madhava's sine table.

No. Madhava's sine value Difference Caleulus and
1 0.0654031452 0.0000000160 India
2 0.1305262297 0.0000000375
3 0.1950903240 0.0000000020
4 0.2588190035 —0.0000000416

21 0.9807852980 0.0000000176

22 0.9914448967 0.0000000353
23 0.9978589819 0.0000000587

24 1.0000000000 0.0000000000




Aryabhata’s sine table

afe wfe wfe afe ofe afe

s gon Tfe & vufe fasa |
et fer g0 afe fer

AT F ST 7T T T B dATSSAT 1191
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Aryabhata’s numerical

» Explained in Gitika 2.
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Aryabhata's numerical notation

» Explained in Gitika 2.

» varga (classified) letters in the varga (odd) places.
(Thus, they have the values 1-25 in alphabetical order.)
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Aryabhata's numerical notation

» Explained in Gitika 2.

» varga (classified) letters in the varga (odd) places.
(Thus, they have the values 1-25 in alphabetical order.)

> avarga (unclassified) letters in the avarga (even) places.
(They have values 30, 40, 50, 60, 70, 80, 90, 100,
respectively.)
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Aryabhata's numerical notation

» Explained in Gitika 2.

» varga (classified) letters in the varga (odd) places.
(Thus, they have the values 1-25 in alphabetical order.)

> avarga (unclassified) letters in the avarga (even) places.
(They have values 30, 40, 50, 60, 70, 80, 90, 100,
respectively.)

» The nine vowels 31, ¥, 3, =/, &, T, =T, Q’ =TT
denote the two nines of zeros (corresponding to the 18
places from 10° to 10'7): each vowel takes one varga
and one avarga place.
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Aryabhata's numerical notation

» Explained in Gitika 2.

» varga (classified) letters in the varga (odd) places.
(Thus, they have the values 1-25 in alphabetical order.)

> avarga (unclassified) letters in the avarga (even) places.
(They have values 30, 40, 50, 60, 70, 80, 90, 100,
respectively.)

» The nine vowels 31, ¥, 3, =/, &, T, =T, Q’ =TT
denote the two nines of zeros (corresponding to the 18
places from 10° to 10'7): each vowel takes one varga
and one avarga place.

» Thus 3T denotes the place of 1 as well as 10, T denotes
the place of 100 as well as 1000, etc.
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Aryabhata's numerical notation (contd.)

» A consonant combined with a vowel denotes a number.
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Aryabhata’s numerical notation (contd.)

» A consonant combined with a vowel denotes a number.

» When the vowel is combined with an avarga letter, it

has a value 10 times what it has when combined with a
varga letter.
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» A consonant combined with a vowel denotes a number.

» When the vowel is combined with an avarga letter, it

has a value 10 times what it has when combined with a
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» System is very compact and order-independent.
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» A consonant combined with a vowel denotes a number.
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» When the vowel is combined with an avarga letter, it i
has a value 10 times what it has when combined with a
varga letter.

» System is very compact and order-independent.

» E.g., &9 = 4,320,000, since® = 2, T = 30, so that
=7 = 320,000, while & = 4, so that & = 4,000,000.



Aryabhata’s numerical notation (contd.)

» A consonant combined with a vowel denotes a number.

» When the vowel is combined with an avarga letter, it
has a value 10 times what it has when combined with a
varga letter.

» System is very compact and order-independent.

» E.g., &9 = 4,320,000, since® = 2, T = 30, so that
=7 = 320,000, while & = 4, so that & = 4,000,000.

> It is also order-independent: could write above as 9.
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Translation

» 225,224, 222, 219, 215, 210, 205, 199, 191, 183, 174,
164, 154, 143, 131, 119, 106, 93, 79, 65, 51, 37, 22,
7—(these are the| Rsine [differences| [for the quadrant
divided into as many equal parts, each part hence being
225'] [in] minutes.
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Translation

> 225, 224, 222, 219, 215, 210, 205, 199, 191, 183, 174,
164, 154, 143, 131, 119, 106, 93, 79, 65, 51, 37, 22,
7—(these are the| Rsine [differences| [for the quadrant
divided into as many equal parts, each part hence being
225'] [in] minutes.

» (Circumference of the circle in minutes is
360 x 60 = 21, 600.)
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Differences, not sine values

» Note that Aryabhata records only differences, and not

sine values proper.
» Values can be trivially recovered by summing the
differences (" fundamental theorem of calculus”

Z Assin(x;)

-3

Assin(x;)
AX,

Xi

v |

d sin(x)

dx

dx).
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» Note that Aryabhata records only differences, and not
sine values proper.

» Values can be trivially recovered by summing the
differences (" fundamental theorem of calculus” Calculus and
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» Differences needed for linear interpolation ("rule of
three").
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X; Ix

» Differences needed for linear interpolation ("rule of
three").

» Clumsy geometric method has been abandoned in
favour of elegant numerical method.



Differences, not sine values

>

Note that Aryabhata records only differences, and not
sine values proper.

Values can be trivially recovered by summing the
differences (" fundamental theorem of calculus”

Z A sin(x;) zn: AsAmXx, i_)/dsm

Differences needed for linear interpolation (" rule of
three").

Clumsy geometric method has been abandoned in
favour of elegant numerical method.

(Brahmagupta tried to go back to older 6 sine values
15° apart using quadratic interpolation, with second
differences.)
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Calculating sine differences

» Aryabhata’s rule for calculating sine differences is
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Calculating sine differences

» Aryabhata’s rule for calculating sine differences is

| 4
TUHT=ATIAT & @i fgfaamdg |
TS e & T T YT 11 9= 1l

» Translation: (12) The Rsine of the first arc divided by
itself and negated gives the second Rsine difference.
That same first Rsine, when it divides successive Rsines
gives the remaining [Rsine differences].
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Mathematical translation

» R; = sine values, §; = R; — R;_1 sine differences.

Then Aryabhata's rule consists of two parts

Ry

0 — 0 = ——

2 1 Rl’

R
Opny1 — 0p = -1
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Mathematical translation

» R; = sine values, §; = R; — R;_1 sine differences.

Then Aryabhata's rule consists of two parts

R

0 — 01 = "R
Rn

5n+1 - 5,7 — —Fl

> Note 1: Second differences have been brought in.
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Mathematical translation

» R; = sine values, §; = R; — R;_1 sine differences.
Then Aryabhata’s rule consists of two parts

R

0 — 01 = "R
Rn

5n+1 - 5!7 — —Fl

> Note 1: Second differences have been brought in.

» Note 2: Brahmagupta also uses 2nd differences for
quadratic interpolation.
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» Nilakantha gives the corrected formula precise to the S
th|rds infilnite series in

5P = (gl) (61 — 62). 10)

> since he uses the earlier stated values Ry = [224;50; 22]
and R, = [448;42; 58], so that Jy = [223;52; 36], and
51 — 6 = [0;57;46].



Calculus without

Nilakantha's correction Limits

C. K. Raju

» Nilakantha gives the corrected formula precise to the S
th|rds infinite series in

5P = (gl) (61 — 62). 10)

> since he uses the earlier stated values Ry = [224;50; 22]
and R, = [448; 42; 58], so that &, = [223;52; 36], and
5 — 6, = [0;57;46].

» while Aryabhata is precise to the minute (so that
01 — 0 =225 — 224 =1).



Aryabhata’s method not an algebraic equation

» Equations 7?7, ?? cannot be used as algebraic equations
for the purpose of calculating sine values.
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Aryabhata’s method not an algebraic equation

» Equations 7?7, ?? cannot be used as algebraic equations
for the purpose of calculating sine values.

» 0, — Opt1 can be calculated from R, using ?7;
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Aryabhata’s method not an algebraic equation

» Equations 7?7, ?? cannot be used as algebraic equations
for the purpose of calculating sine values.

» 0, — Opt1 can be calculated from R, using ?7;

» however, if we try to calculate R, by multiplying ?? by
R; to obtain Ry X (8, — dp+1), that would result in
incorrect values, at least so far as Aryabhata is
concerned.
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» Equations 7?7, ?? cannot be used as algebraic equations
for the purpose of calculating sine values.

» 0n — dnt1 can be calculated from R, using 77; Calculus and
infinite series in
India

» however, if we try to calculate R, by multiplying ?? by
R; to obtain Ry X (8, — dp+1), that would result in
incorrect values, at least so far as Aryabhata is
concerned.

> Eg for n = 23, (523 =22, 524 =17, while Rl = 225, so
that we should have
Ra3 = (023 — d24) X Ry = 15 x 225 = 3735 £ 3431 the
23rd sine value in the Siirya Siddhanta (or Aryabhatiya).



Calculus without

Aryabhata’s method not an algebraic equation i

C. K. Raju

» Equations 7?7, ?? cannot be used as algebraic equations
for the purpose of calculating sine values.

» 0n — dnt1 can be calculated from R, using 77; Calculus and
infinite series in
India

» however, if we try to calculate R, by multiplying ?? by
R; to obtain Ry X (d, — 0p+1), that would result in
incorrect values, at least so far as Aryabhata is
concerned.

> Eg for n = 23, (523 =22, 524 =7, while Ry = 225, so
that we should have
Rz = ((523 — (524) X Ry =15 x 225 = 3735_7é 3431 the
23rd sine value in the Sirya Siddhanta (or Aryabhatiya).

» Difference in each case, since no value is a multiple of
225.



Aryabhata and Euler

» Thus, Aryabhata’s rule for calculating sine values is a
recursive process (n > 2):

R, = Rn_1+6n (11)

Rn—l
6n - 5n— -
1 Rl
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» Thus, Aryabhata’s rule for calculating sine values is a
recursive process (n > 2):

Calculus and

Rn = Rn—l + 5n (11) :::in;te series in
R,_
5n = Op1-— ;11 (12)

» with Ry = dp =0and Ry =01 = arc = 225, when
24 values are desired.
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» Thus, Aryabhata’s rule for calculating sine values is a
recursive process (n > 2):

Calculus and

Rn = Rn—l + 6n (11) :::in;te series in
R,_
5n = Op1-— ;11 (12)

» with Ry = dp =0and Ry =01 = arc = 225, when
24 values are desired.

» Strikingly similar to “Euler's method” of solving an
ordinary differential equation.



Aryabhata and Euler

» Thus, Aryabhata’s rule for calculating sine values is a
recursive process (n > 2):

R, = Rn_1+6n (11)
_ Rn—l
b= Gea- (12)

» with Ry = dp =0and Ry =01 = arc = 225, when
24 values are desired.

» Strikingly similar to “Euler's method” of solving an
ordinary differential equation.

» which corresponds (for y” = —y) exactly to
Ntlakantha's formula.
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Other details

» thus, calculus developed in India with Aryabhata’s
calculation of sine values by a numerical solution to a
difference equation for the sine.
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» It developed over a thousand-year period. Many other
new details in my book Cultural Foundations of
Mathematics e.g. use of fraction-series expansion
(stated by Brahmagupta) to obtain power series.



Other details

» thus, calculus developed in India with Aryabhata’s
calculation of sine values by a numerical solution to a
difference equation for the sine.

» It developed over a thousand-year period. Many other
new details in my book Cultural Foundations of
Mathematics e.g. use of fraction-series expansion
(stated by Brahmagupta) to obtain power series.

» E.g. Bhaskara Il used infinitesimal techniques to
calculate (a) the volume of a sphere, and (b) for
instantaneous velocity of a planet.

Calculus without
Limits

C. K. Raju

Calculus and
infinite series in
India



Calculus NOT the work of Kerala school alone

» Aryabhata was a low-caste person from Patna.
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Calculus NOT the work of Kerala school alone

» Aryabhata was a low-caste person from Patna.

» His followers were the highest caste Namputhiri
Brahmins from Kerala who called themselves
“Aryabhata school” not “Kerala school”.
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Calculus NOT the work of Kerala school alone

» Aryabhata was a low-caste person from Patna.

» His followers were the highest caste Namputhiri
Brahmins from Kerala who called themselves
“Aryabhata school” not “Kerala school”.

» Need for greater accuracy was felt continuously.
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Calculus NOT the work of Kerala school alone

» Aryabhata was a low-caste person from Patna.

» His followers were the highest caste Namputhiri
Brahmins from Kerala who called themselves
“Aryabhata school” not “Kerala school”.

» Need for greater accuracy was felt continuously.

» Vatedvara (9th c.) stated values accurate to the
seconds.
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NOT Kerala school alone

» Already, Govindasvamin (ca. 800 CE), from Kerala,
tried to carry out Aryabhata's calculation accurate to
the thirds.
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NOT Kerala school alone

» Already, Govindasvamin (ca. 800 CE), from Kerala,
tried to carry out Aryabhata's calculation accurate to
the thirds.

» In his Bhasya on the Maha Bhaskariya (iv.22) he gave
radius = 3437/ 44" 19" (so his value of © more accurate
than Vatesdvara's, but less accurate than of Madhava’s).

» The same written as 12375859" by Udayadivakara, in
his Sundari on the Laghu Bhaskariya (ii.3-6).
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NOT Kerala school alone

» Already, Govindasvamin (ca. 800 CE), from Kerala,
tried to carry out Aryabhata's calculation accurate to
the thirds.

» In his Bhasya on the Maha Bhaskariya (iv.22) he gave
radius = 3437/ 44" 19" (so his value of © more accurate
than Vatesdvara's, but less accurate than of Madhava’s).

» The same written as 12375859" by Udayadivakara, in
his Sundari on the Laghu Bhaskariya (ii.3-6).

» Difficulty was missing formula for >F_, n¥ for any p

and any k, supplied by varasamkalita of Narayana
Pandit of Benaras (not Kerala), in his Ganita Kaumudf.
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NOT Kerala school alone

» Already, Govindasvamin (ca. 800 CE), from Kerala,
tried to carry out Aryabhata's calculation accurate to
the thirds.

» In his Bhasya on the Maha Bhaskariya (iv.22) he gave
radius = 3437/ 44" 19" (so his value of © more accurate
than Vatesdvara's, but less accurate than of Madhava’s).

» The same written as 12375859" by Udayadivakara, in
his Sundari on the Laghu Bhaskariya (ii.3-6).

» Difficulty was missing formula for >F_, n¥ for any p

and any k, supplied by varasamkalita of Narayana
Pandit of Benaras (not Kerala), in his Ganita Kaumudf.

» Further details in my book.
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Convergence and order counting

» Actually what was needed was only the leading order
term or order of growth of a rational function. This was
grasped by the time of Madhava.
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Convergence and order counting

» Actually what was needed was only the leading order
term or order of growth of a rational function. This was
grasped by the time of Madhava.

» Sum of infinite geometric series stated by Nilakantha.
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Convergence and order counting

» Actually what was needed was only the leading order
term or order of growth of a rational function. This was
grasped by the time of Madhava.

» Sum of infinite geometric series stated by Nilakantha.

» Novel notation for rational functions in Yuktidipika,
extends place value system to polynomials. Variable
called rasi.
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Convergence and order counting

» Actually what was needed was only the leading order
term or order of growth of a rational function. This was
grasped by the time of Madhava.

» Sum of infinite geometric series stated by Nilakantha.

» Novel notation for rational functions in Yuktidipika,
extends place value system to polynomials. Variable
called rasi.

» No limits: but order counting (which is adequate).
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Convergence and order counting it

C. K. Raju
» Actually what was needed was only the leading order
term or order of growth of a rational function. This was oot an
grasped by the time of Madhava. infinite series in

India
» Sum of infinite geometric series stated by Nilakantha.

» Novel notation for rational functions in Yuktidipika,
extends place value system to polynomials. Variable
called rasi.

» No limits: but order counting (which is adequate).

» Principle: In comparison with a constant (rapa), for

1
large n, we may neglect any quantity which is O <
n
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» Two key sources of wealth in India: agriculture, and
overseas trade.

» Monsoon driven agriculture required an accurate
calendar

Calculus without
Limits

C. K. Raju

How and why the
Calculus developed
in India



Why trigonometric values were needed

» Two key sources of wealth in India: agriculture, and
overseas trade.

» Monsoon driven agriculture required an accurate
calendar

» which required accurate planetary models.
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Why trigonometric values were needed

» Two key sources of wealth in India: agriculture, and
overseas trade.

» Monsoon driven agriculture required an accurate
calendar

» which required accurate planetary models.

> Note: Greek and Roman calendars inaccurate and
slipshod. (Inaccurate length of the tropical year until
1582; months of varying length, unrelated with the
motion of the moon).
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The “delayed” monsoon of 2004

» Dire anticipation of drought
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Drought or floods

» Followed by floods across the country.

» The monsoon was delayed only on the Gregorian
calendar.
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Drought or floods

» Followed by floods across the country.

» The monsoon was delayed only on the Gregorian
calendar.

» It was in time according to the traditional calendar.

» Was the monsoon delayed or was the calendar wrong?
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Drought or floods

v

v

v

v

v

Followed by floods across the country.

The monsoon was delayed only on the Gregorian
calendar.

It was in time according to the traditional calendar.
Was the monsoon delayed or was the calendar wrong?

Wind regime depends upon sidereal motion and lunar
position.
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2009 CalcuII_Lilrsn;/:;thout

C. K. Raju

. . How and why the
» Same phenomenon repeated in 2005 and in 2006. Calculus developed

in India
» And again in 2009.
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| NEW DELHI | SATURDAY, AUGUST 22, 2008
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As heavens open up,
it's hell on city roads

TIMES NEWS NETWORK PRI

X A7 - L
New Delhi: For the second F=ige —— pet el RAI“ 9,

time this season, the heavens.
opened up over the capital and.
‘brought on hell for commuters
and residents within a space
of a few hours on Friday
ever

C. K. Raju

How and why the
Calculus developed
in India

companied by strong winds,
thrilled Delhiites soon wit-
nessed the horror of familiar
traffic chaos across the city.
Several areas were cor

flooded in the 74mm rain and

STALLED BY STORM
PAGES3 &4

many people spent hours on
the road, stuck in traffic jams.
‘The IGI Airport proved to

barrassment
as part of the roof of the new
departure terminal got blown.
off and a large part of the ter- -
‘minal got waterlogged. Many
flights were delayed and di- Airport Down Under
verted as visibility fell to be- : § @ Part of new 1D terminal roof
tween 100 and 300m. Several blown away. Operations stalled
passengers also mxssed even 3
dslayed ighs because ey : Forecast
were stucl on the § s
The city lost several trees {108 A driver takes a break during a massive jam
(N'DMC said 100 trees yere il ful- . -

therain
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Celestial navigation

» The other key source of wealth was overseas trade

» which required a reliable technique of celestial
navigation.
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Celestial navigation

» The other key source of wealth was overseas trade

» which required a reliable technique of celestial
navigation.

» Many passages from Laghu Bhaaskariya onwards for
determination of latitude and longitude (can also be
used at sea; for quotes see chp. 4 of my book.).
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Celestial navigation

» The other key source of wealth was overseas trade

» which required a reliable technique of celestial
navigation.

» Many passages from Laghu Bhaaskariya onwards for
determination of latitude and longitude (can also be
used at sea; for quotes see chp. 4 of my book.).

» These techniques used (a) ephemeris time or (b)
distance from a known meridian or (c) the size of the
globe as a parameter.
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which required a reliable technique of celestial
navigation.

Many passages from Laghu Bhaaskariya onwards for
determination of latitude and longitude (can also be
used at sea; for quotes see chp. 4 of my book.).

These techniques used (a) ephemeris time or (b)
distance from a known meridian or (c) the size of the
globe as a parameter.

Europeans had no reliable ephemeris calculations then,
and (c) could not be used, since Columbus had the
wrong size of the globe,
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The other key source of wealth was overseas trade

which required a reliable technique of celestial
navigation.

Many passages from Laghu Bhaaskariya onwards for
determination of latitude and longitude (can also be
used at sea; for quotes see chp. 4 of my book.).

These techniques used (a) ephemeris time or (b)
distance from a known meridian or (c) the size of the
globe as a parameter.

Europeans had no reliable ephemeris calculations then,
and (c) could not be used, since Columbus had the
wrong size of the globe,

hence Europeans lacked a good estimate of the size of
the globe until Picard in 1671.
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» The technique (b) of converting distance to longitude
was copied in Europe.
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was copied in Europe.

» But estimating distances at sea using the log and log
book was very error-prone.
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» The technique (b) of converting distance to longitude
was copied in Europe.

» But estimating distances at sea using the log and log
book was very error-prone.

» Hence led to the longitude problem of European
navigation.
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| certainly imagined that nothing could be more
primitive than my Maldive friend's kamal. .., when lo!
here is something even less advanced in ingenuity!

(James Prinsep)

. . H d why th,
» | hunted down the instrument in the Lakshadweep Calculus developed

. Caleul
islands. e

» The instrument uses two pieces.

» Applies“Vernier” principle to harmonic scales.

» Not understood by earlier historians including Prinsep
who lacked the ingenuity to understand it.

» Instrument has accuracy of 11 miles and a range of 670
miles.
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(India).

» Vasco did not understand the construction of the
instrument and thought the pilot was telling the
distance by his teeth.
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lllustration of epistemological difficulties

» Was used by navigator (Malemo Kanha) who brought
Vasco da Gama from Melinde (Africa) to Calicut
(India).

» Vasco did not understand the construction of the
instrument and thought the pilot was telling the
distance by his teeth.

» Since the instrument is held by the teeth, and the
Malayalam word kau for pole star is the same as the
word for teeth!

» Vasco wrote that he was taking a copy back to have it
graduated in inches! (The instrument uses a harmonic
scale, so this is impossible.)

» The instrument was copied in Europe, in crude ways like

the cross-staff, showing that it was never earlier
understood (even by historians of science like Prinsep).
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Problem was specific to European techniques of
navigation, which relied on charts. It had three aspects

Loxodromes

LatItUde How and Why the
. Calculus was

Longltude Transmitted to

Europe

Various governments encouraged solution of this
problem from 1530 to 1760.
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» European navigators accutomed to the Mediterranean
found that following a fixed course in the open sea leads
to a curved path hence called a loxodrome.

» Nunes incorrectly thought loxodromes were great circles.

» European navigators wanted to set a straight line course
using a ruler, and hence wanted a means to convert
loxodromes to straight lines.
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» European navigators accutomed to the Mediterranean
found that following a fixed course in the open sea leads
to a curved path hence called a loxodrome.

» Nunes incorrectly thought loxodromes were great circles.

» European navigators wanted to set a straight line course
using a ruler, and hence wanted a means to convert

loxodromes to straight lines. How and Why the

Calculus was
Transmitted to

» This was done by Mercator, but it required a table of Europe
secants. Hence, 16th c. navigational texts are full of
such tables.

» Mercator's sources of accurate trigonometric values
unknown; he was arrested by the Inquisition, and had
enough motive to hide his sources.
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> Before the well-known longitude problem, there also was
a latitude problem.

» Columbus could not determine the latitude of Cuba
using observations, and thought he was near China.

Calculus without
Limits

C. K. Raju

How and Why the
Calculus was
Transmitted to
Europe



The Gregorian calendar reform of 1582

> Before the well-known longitude problem, there also was
a latitude problem.
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using observations, and thought he was near China.

» Vasco da Gama carried an astrolabe which could only
be used on land.
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» Before the well-known longitude problem, there also was
a latitude problem.

» Columbus could not determine the latitude of Cuba
using observations, and thought he was near China.

» Vasco da Gama carried an astrolabe which could only
be used on land.

» Solar altitude at noon could be used to determine
latitude, provided one had an accurate date for the
equinox.
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» Before the well-known longitude problem, there also was
a latitude problem.

» Columbus could not determine the latitude of Cuba
using observations, and thought he was near China.

» Vasco da Gama carried an astrolabe which could only
be used on land. How and Why the

Calculus was
Transmitted to
Europe

» Solar altitude at noon could be used to determine
latitude, provided one had an accurate date for the
equinox.

» This required calendar reform of 1582 (practical
compulsion to correct the date of Easter).
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» This involved “heaving the log”, and was very
inaccurate.
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Only one Indian technique (converting departures to
longitudes) could be used, by solving a plane triangle.

This involved “heaving the log”, and was very
inaccurate.

By the time the size of the globe was accurately
determined, globes had been banned aboard ships for g Uil s
nearly 2 centuries by Portugal. Hence this was not used. — f2rerieed

Europe

Eventually led to the development of the chronometer.



Calculus without

Roman Catholic church in India in the 16th c. Limite

C. K. Raju

» First mission formed in Cochin in 1500

How and Why the
Calculus was
Transmitted to
Europe



Roman Catholic church in India in the 16th c.

» First mission formed in Cochin in 1500

» Set up school for local Syrian Christians based on
" Prester John" strategy for winning the Crusades.
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First mission formed in Cochin in 1500

Set up school for local Syrian Christians based on
" Prester John" strategy for winning the Crusades.

Taken over by Jesuits around 1550 and converted into a
college.

Church in India replicated its earlier perceived winning
strategies:
» (a) destroyed all Hindu temples in Goa by 1543 (as in
Alexandria, 4th c.),
> (b) imposed Inquisition,
> (c) tried to convert the Moghul king Akbar ca. 1580 a
la Constantine
> (d) burnt all local Bibles (older Aramaic bibles)
at'Synod of Diamper' 1599 and...
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» initiated mass translations (on the Toledo model) using
Syrian Christians (and even Brahmins) as a substitute

for the Mozharabs of Toledo.
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» initiated mass translations (on the Toledo model) using
Syrian Christians (and even Brahmins) as a substitute

for the Mozharabs of Toledo.
» Using the Cochin college as a base, and transferring
translations to Rome.

» Jesuit syllabus at Collegio Romano was changed by
Clavius to introduce practical mathematics.
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Cochin and Toledo

» initiated mass translations (on the Toledo model) using
Syrian Christians (and even Brahmins) as a substitute
for the Mozharabs of Toledo.

» Using the Cochin college as a base, and transferring
translations to Rome.

» Jesuit syllabus at Collegio Romano was changed by
Clavius to introduce practical mathematics.

» His student Matteo Ricci was further trained in
navigation in Coimbra before being despatched to India.

» He visited Cochin and wrote back that he was looking

for an “honest Moor or an intelligent Brahmin” to
explain Indian calendrical texts to him.
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» Key aspects of Jesuit archives are still secret, so we
need an alternative standard of evidence (to prevent
manipulation of history by manipulating sources).

» Because of extreme religious intolerance during this
period, there is general refusal to acknowledge
non-Christian sources. Plethora of claims of
“independent re-discovery” starting from Copernicus.
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Key aspects of Jesuit archives are still secret, so we
need an alternative standard of evidence (to prevent
manipulation of history by manipulating sources).

Because of extreme religious intolerance during this

period, there is general refusal to acknowledge

non-Christian sources. Plethora of claims of

“independent re-discovery” starting from Copernicus.

How and Why the
Calculus was

Transmitted to
Europe

As compared to balance of probabilities (appropriate to
history) | proposed a standard of evidence used in
criminal law for proof beyond doubt.

Involved consideration of (a) opportunity, (b)

motivation, (c) circumstantial, (d) documentary, and
(e) epistemic evidence.



Circumstantial trail S

C. K. Raju

» Clavius' 1608 trigonometric tables (NOT 1586 tables)
probably taken from the Kriyakramkari. Clavius did not
know enough trigonometry to determine size of the
earth.

How and Why the
Calculus was
Transmitted to
Europe



Circumstantial trail
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know enough trigonometry to determine size of the
earth.

» Tycho Brahe's planetary model coincides with
Ntlakantha's. Tycho Brahe's masonry instruments were
too inaccurate for him to make observations.
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» Clavius' 1608 trigonometric tables (NOT 1586 tables)
probably taken from the Kriyakramkari. Clavius did not
know enough trigonometry to determine size of the
earth.

» Tycho Brahe's planetary model coincides with
Ntlakantha's. Tycho Brahe's masonry instruments were
too inaccurate for him to make observations. How and Why the

Calculus was

» Kepler's fantastic accuracy of orbit of Mars explained Transmitted to
away as a miracle. (He was nearly blind, and could not e
have made the observations. He decamped with
Tycho's secret papers after Tycho's death.) Kepler's
explanation not credible (he was a professional
astrologer). Parameswar had made observations over 50
years to attain this accuracy.
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Leaves disreputable calculus to his student Cavalieri
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» Galileo has problems with calculus similar to Descartes’.

Leaves disreputable calculus to his student Cavalieri
after 5 years of vacillation.

» Fermat and Pascal adopt it enthusiastically. Fermat’s
challenge problem (“Pell's equation”) is a solved
exercise in Bhaskara Il.
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» Galileo has problems with calculus similar to Descartes’.

Leaves disreputable calculus to his student Cavalieri
after 5 years of vacillation.

» Fermat and Pascal adopt it enthusiastically. Fermat’s
challenge problem (“Pell's equation”) is a solved
exercise in Bhaskara Il.
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Galileo has problems with calculus similar to Descartes'.
Leaves disreputable calculus to his student Cavalieri
after 5 years of vacillation.

Fermat and Pascal adopt it enthusiastically. Fermat's
challenge problem (“Pell's equation”) is a solved

exercise in Bhaskara Il. Mty ) Wy i

Calculus was

» Descartes’ difficulty. Transmitted to

Europe

» Newton feels he has found a rigorous resolution through

fluxions.
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» British changed educational system in Lakshadweep.
» Introducing the study of navigation in schools in 1938.

» Induced islanders to become dependent on a British
sextant which was less accurate than their indigenous
instrument, and could not be made locally. Nobody
bothered to compare the two.
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difficulties in
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» In the 10th c. when Arabic numerals went to Europe
» Gerbert of Aurillac (later Pope Sylvester) did not

understand their function.
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» Gerbert of Aurillac (later Pope Sylvester) did not
understand their function.

» and made hilarious blunders (he made an abacus with
Arabic numerals).
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» In the 10th c. when Arabic numerals went to Europe

» Gerbert of Aurillac (later Pope Sylvester) did not
understand their function.

» and made hilarious blunders (he made an abacus with
Arabic numerals).

» Europeans remained poor at arithmetic until 16th c. European
difficulties in
understanding the
imported calculus
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The attack on calculus in Europe

» Newton's fluxions and Leibniz's differences

» were attacked by Berkeley as illogical,

» and had to be abandoned.
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» Newton's fluxions and Leibniz's differences

» were attacked by Berkeley as illogical,

» and had to be abandoned.

» Because of difficulties in understanding the calculus,
Newton made a mistake in his physics.
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Newton’s fluxions and Leibniz's differences
were attacked by Berkeley as illogical,
and had to be abandoned.

Because of difficulties in understanding the calculus,
Newton made a mistake in his physics.

But that is another story. European

difficulties in
understanding the
imported calculus
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» We have seen the problem of loxodromes, and its
resolution by Mercator's chart (which solved a problem
equivalent to the fundamental theorm of calculus).

» But a similar problem arose in pure mathematics.

» Descartes declared in his Geometry that measuring the
ratios of curved and straight lines was beyond the
capacity of the human mind.
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» We have seen the problem of loxodromes, and its
resolution by Mercator's chart (which solved a problem
equivalent to the fundamental theorm of calculus).

» But a similar problem arose in pure mathematics.

» Descartes declared in his Geometry that measuring the
ratios of curved and straight lines was beyond the
capacity of the human mind.

European

i i difficulties in
» Indian mathematics accepted measurement of curved Tt

lines since sulba sitra-s. Happeied] el
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» BUT use of the empirical found in proofs in the
Elements until the late 19th c. changes proposed by
Hilbert and Russell.

» Deduction regarded as more certain than induction in
European thought.

» No agreement on metaphysics in Indian tradition—not

even logic. (Buddhist and Jain logics are not 2-valued European
nor truth-functional.) T

imported calculus

» Thus, present-day mathematical proofs are worthless
from a Buddhist viewpoint.
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» Non-perfection of mathematics: asanna, savisesa, etc.

» Numerical solution of ODE’s vs Fundamental Theorem
of Calculus

» Zeroism vs limits
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» The infinite series which developed in India amounted
to the calculus.

» When transmitted to Europe, this was not properly
understood by Europeans dur to a variety of cultural
factors

» The European difficulties with the calculus were
globalised during colonialism.

» And are maintained today through uncritical imitation.

Conclusions
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