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This may be translated:84

The Rsine of the desired arc multiplied by the radius and divided by the Rcosine
is the first result. Take the square of the Rsine as the multiplier, and the square
of the Rcosine as the divisor, and multiply the first & etc. results to get the suc-
ceeding results. These are to be divided in order by the odd numbers, and the
sum of the terms in even places is to be subtracted from the sum of the terms in
the odd places. Remember to use the smaller of the two (Rsine and Rcosine) for
this calculation.

It is clear that the expansion (3.123) is trivially equivalent to the more modern form

r θ = r tan θ − r tan3 θ
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which, upon cancelling r, is the same as the “Gregory series” expansion for the arctan func-
tion:

tan−1 θ = θ − θ3
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Deriving Rapidly Convergent Series for π

It is well known that the series (3.125) can be used to derive rapidly convergent expansions
for π, using e.g. tan π

6 = 1√
3
, so that

π

6
= tan−1

(
1√
3

)
=

1√
3

{
1 − 1

3 · 3
+

1
5 · 32

− 1
7 · 33

+ · · ·
}
. (3.126)

This series requires only 9 terms for a precision of 4 decimal places. Small manipulations
can be used to make the convergence even more rapid, and this was actually the way in
which approximations to the value of π were calculated in Europe, by Sharp who in 1699
used “Gregory’s” result to get 71 correct digits, by Machin who used a small improvement
to get 100 correct digits, and whose method was used by de Lagny (1709, 112 digits), Vega
(1789, 126 digits; 1799, 136 digits), Rutherford (1841, 152 digits; 1853, 440 digits), and
Shanks (1873, 707 digits, of which 527 were correct). Indian mathematicians, however, being
practical minded, computed π accurately to only the 11th decimal place, although 9 places
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were more than sufficient. (Much later, a mathematician of the Kerala school used exactly
Mādhava’s technique to calculate π to 17 decimal places, presumably as a demonstration.)
Thus, the value of π is given by the Karan. apaddhati (VI, 7), in the kat.apayādi system which
gives the circumference of a circle to be
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(31,415,926,536) for a radius of
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(10,000,000,000).
It is curious, however, that a similar figure of 10,000,000,000 is used for the radius by

Christoph Clavius in his table of Rsines published at the beginning of the 17th c. CE, as is
clear from its very title.

To complete this history, let us ask: exactly how well does the arctangent series (3.125)
enable us to compute the value of π to the above precision?

Though the present-day answer to this question is quite elementary, and can be easily
derived by any mathematician, this answer seems not to be properly known to many histori-
ans of mathematics, and may be especially difficult for those historians of mathematics who
focus their expertise on languages and are unfamiliar with elementary numerical analysis.
(Many such historians seem to exist today.) This elementary answer is explained in Appen-
dix 3.B. One conclusion is that the value of π can be computed by hand to an accuracy of 10
places after the decimal, within an hour or so, using between 4 to 6 terms of the above series
(3.125). This directly contradicts the conclusion of Srinivasiengar that the computation (of
π) must have required a lot of labour: the point of the series expansion was to save labour,
not expend it.

Secondly, though the treatment in Appendix 3.B builds on the method suggested in the
calculus text of Lax et al., there is no great virtue to that method, except to illustrate what is
required. Apart from elementary trigonometric identities, the key ingredient that goes into
that method is an error estimate. The treatment in Appendix 3.B uses an error estimate that
builds on the infinite sum of a geometric series. From the point of view of a contemporary
text on calculus, like that of Lax et al., that is quite acceptable, since the sum of an infinite
geometric series is today taught (though not explained) at quite an early stage (Std. 7 or 8).
Indian mathematicians, also, long knew about geometric series, which they called more cor-
rectly as gunottara saṅkalitā or multiplicative series, and methods of summing the geometric
series were a part of the elementary curriculum.85 Even the use of infinite geometric series
by Nı̄lakan. t.ha86 has also long been known to historians. Of course, Indian mathematicians
certainly knew how to carry out manipulations using elementary trigonometric identities.
Therefore, the above approach could well have been used by some Indian mathematicians.
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Nevertheless, for our immediate purposes, the error estimate used in Appendix 3.B is not
the most appropriate. The reason is very simple. Our sources expound a different and
more general method. While the above mentioned transformations of the series accelerate
only the calculation of π, our sources describe a rather general technique to accelerate the
convergence of a variety of slowly convergent series, and this general method of accelerat-
ing convergence could be used also for various other trigonometric computations. Some
background is needed to understand this method of accelerating convergence.

Infinite and Indefinite Series

As explained above, there were two sorts of series expansions in use: infinite and indefi-
nite. An example of the infinite series expansion is Nı̄lakan. t.ha’s expression for the sum
of an infinite geometric series, or the computation of the sums of the above infinite ser-
ial, by computing the leading order terms, in which computation, the number of divisions
of the circle are taken to be infinite. An example of indefinite series is the fraction series
expansion, used by Brahmagupta. The idea of infinitesimal was a natural extension of the
idea of rounding, using the additional notion of order of growth, and this is exactly how it
is subsequently used: for infinite n the quantity a

n is non-representable (́sūnya) relative to
b. This is quite similar to the statement (of non-standard analysis) that for n infinite, a

n is
infinitesimal, relative to b. It did not, however, require recourse to any of the complexities of
non-standard analysis, since the operational definition of the equality of two numbers, with
rounding arithmetic, took care of the rigour.

The sum of the indefinite series requires nothing special, since exact equality holds at
each stage, until the exceptional term is dropped as non-representable. The precise meaning
of the sum of an infinite series is found in the meaning assigned to 1

nk+1

∑
ik, which sum

becomes constant for large n, when relatively non-representable terms are ignored (in the
manner analogous to formal infinitesimals), based on order-counting. That is, operationally,
one sums the series to n terms, and then discards (in relation to the rūpa, or constant term)
the terms in the sum which have the rā́si n in the denominator. (Obviously, in all those cases
the limit would exist, in the present-day sense.)

The Correction Term

However, the problem was not merely to prove that the series converged, but to calculate
its sum. This was not a trivial task for a slowly convergent series like the “Leibniz” series.
To actually calculate the sum, it was necessary to accelerate the convergence of the series,
and this was done by adding to the infinite series, in analogy with the indefinite series,
an exceptional or correction term. (It is interesting to notice how this rule-and-exception
approach differs from the all-rule-no-exception approach used by Leibniz, for example, in
thinking about the series.)




