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If it falls between solstice and equinox
declination = 23.45 - 0.256 × number of days since solstice.
This is one reason why it is necessary to know the exact date of the

equinoxes, and it is a problem that they don’t always fall on the same day
of the year on the inaccurate Gregorian calendar.

There are more accurate formulae available for calculating declination on
a given day, but we will not go into them, since our aim is to explain the
method, not achieve the maximum possible precision.

11.5 Arctangent

But our task is incomplete. From the above formula we can calculate latitude
if we know the solar altitude and noon and the days since equinox or solstice.

But with the help of a gnomon, we explained a method of measuring
tan a, not a itself, which is hazardous to measure directly for the case of the
sun. How to calculate a from tan a?

This involves what is called the arctangent function: arctan(tana) = a.
In a scientific calculator, the arctan function is often written as tan−1 .

How to compute this function. There are no elementary methods for
this. All methods require the calculus or an infinite series expansion. Indian
mathematicians calculated an infinite series expansion as in the following
slokas from the Yuktid̄ıpikā.
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This may be translated:

The Rsine of the desired arc multiplied by the radius and divided
by the Rcosine is the first result. Take the square of the Rsine
as the multiplier, and the square of the Rcosine as the divisor,
and multiply the first & etc. results to get the succeeding results.
These are to be divided in order by the odd numbers, and the
sum of the terms in even places is to be subtracted from the sum
of the terms in the odd places. Remember to use the smaller
of the two (Rsine and Rcosine) for this calculation. [Here Rsine
means the radius of the circle times the sine.]

It is clear that the expansion is equivalent to the more modern form

r θ = r tan θ − r tan3 θ

3
+
r tan5 θ

5
− r tan7 θ

7
+ · · · , (11.1)

which, upon cancelling r, is the same as the “Gregory series” expansion for
the arctan function:

tan−1 θ = θ − θ3

3
+

θ5

5
− θ7

7
+ · · · . (11.2)

It is well known that the series (??) can be used to derive rapidly convergent
expansions for π, using e.g. tan π

6 = 1√
3
, so that

π

6
= tan−1

(
1√
3

)
=

1√
3

{
1 − 1

3 · 3
+

1

5 · 32
− 1

7 · 33
+ · · ·

}
.

(11.3)
This series requires only 9 terms for a precision of 4 decimal places. Small
manipulations can be used to increase precision, and this was actually the
way in which approximations to the value of π were calculated in Europe,
after this series reached Europe from India in the 16th c.
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We explain in an appendix how to use the above series to calculate more
precise values for the arctangent function. Those not up to it may use the
scientific calculator.

Note: For a practical experiment, the problem arises that the sun is not
a point source of light like a star. Therefore, the shadow of the gnomon is
spread out, and it is difficult to mark its tip. One solution to the problem is
to put a small sphere on top of the gnomon. The sphere casts an elliptical
shadow the centre of which is easy to identify. The sphere can be made of
putty or even atta.

11.6 Longitude

As our final practical application, we consider the calculation of longitude.
Unlike the equator, there is no fixed point for 0◦longitude, and a partic-

ular meridian is fixed by convention. Ancient Indian astronomers used the
meridian which passed through Ujjaini or the modern city of Ujjain. This
idea is copied today in the meridian of Greenwich.

One principle is that local time varies with longitude because the earth
rotates, and the sun seems to go around the earth from East to West. As
Āryabhat.a put it (Gola 13)

When it is sunrise at Lanka, it is sunset at Siddhapura, midday
at Yavakoti, and midnight at Romaka.

(The four names correspond to four imaginary cardinal points on the equa-
tor. In particular, Lanka is the point at which the meridian of Ujjayin̄ı
meets the equator, somewhat below the island known today as Sri Lanka.
The other points are all 90◦ apart. Lanka, here, does not correspond exactly
to the actual island of Sri Lanka any more than Yavakoti corresponds to
Alexandria, or Siddhapura to Singhpur (Singapore).
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So, the time difference can be used to calculate longitude. But how to
know the time difference? Indian astronomers did all astronomical calcula-
tions for the meridian of Ujjayini. They then applied a longitude correction
to obtain calculations for the local place.

So, one way to tell the local longitude was to calculate the difference
between the computed time of an eclipse (computed for the meridian of
Ujjayini) and its actually observed local time.

Another way to determine local longitude was as follows. If one knows
the distance to a town B of known latitude and longitude. The latitude
difference of town A and town B can be calculated. This is the upright of
the longitude triangle while the distance is the hypotenuse. Hence, by the
diagonal rule, the longitude difference can be computed.

Figure 11.7: The longitude triangle between two towns

There is one problem. The latitude difference is in degrees, the distance is
some unit of distance such as yojana, or mile or kilometer. Therefore, before
one can solve the triangle, one must first convert the latitude difference to
difference in length units.

This requires knowledge of the radius of the earth. Second, the answer
for the longitude difference will come out in length units, which must be
converted back to degrees. That again requires knowledge of the radius of
the earth, and of the local circle of latitude. Hence, Brahmagupta’s remark
that ignorance of the earth’s radius makes longitude calculations futile. The



11.6. LONGITUDE 155

radius as stated in part 1, was not known to Europeans until the late 17th
c., hence they had a severe longitude problem.

A third method of calculating local longitude could be applied at sea.
While distance was calculated at sea by the crude technique of “heaving the
log”, and calculating the speed of the ship in knots (of the string tied to the
log), and maintaining a log book, this was unreliable.

Figure 11.8: The longitude triangle between two points for a known course
angle.

However, the course angle measurement was reliable. The longitude tri-
angle above could also be solved from a knowledge of the course angle, using
trigonometry, as follows.

Since
latitude difference

longitude difference
= tan a

longitude difference =
latitude difference

tan a
.

Once again, in the above, we cannot simply take the differences in de-
grees but must convert both to distances, since the longitude differences will
depend on the radius of the local circle of latitude.





*Appendix 1. How to calculate
arctan (and π)

Step 1: We need to calculate arctan only for the case y < 1. Thus
suppose y > 1. From the elementary identities sin

(
π
2 − x

)
= cos x, and

cos
(
π
2 − x

)
= sinx, we have the relation tan

(
π
2 − x

)
= 1

tan x . Setting y =
tanx, and taking arctan of both sides, we have the relation

arctan y =
π

2
− arctan

1

y
. (4)

Thus, the computation of any value of arctan for y > 1 can always be reduced
to a computation of arctan y for y < 1.
Step 2: Small y ( 0 < y < 0.1).

For y ≤ 0.1, we can use the easily computed approximation

arctan y ≈ y − y3

3
+

y5

5
− y7

7
(5)

for an accuracy of nearly 10 places after the decimal point. (For a proof see
my book Cultural Foundations of Mathematics.)
Step 3: Intermediate y ( 0.1 < y ≤ 1). This case can be easily reduced
to the case in Step 2, as follows.

We use the addition formula for the tangent function:

tan (x− x∗) =
tan x− tan x∗

1 + tan x tan x∗
. (6)
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Putting y = tan x, and y∗ = tanx∗, and taking arctangent of both sides,
we have

x − x∗ = arctan
y − y∗

1 + yy∗
, (7)

i.e.,

arctan y = arctan y∗ + arctan
y − y∗

1 + yy∗
. (8)

That is,

arctan y = arctan y∗ + arctan y1, (9)

where

y1 =
y − y∗

1 + yy∗
. (10)

Taking y∗ = 0.1, we see that the computation of arctan y has been
reduced to the case of the computation of arctan y1, where y1 is clearly a
number such that y1 < y − 0.1. If it so happens that y1 < 0.1, then we
can compute arctan y1 by using the four-term series expansion of Step 2.
Otherwise, we repeat the above procedure to obtain

arctan y1 = arctan y∗ + arctan y2, (11)

where

y2 =
y1 − y∗

1 + y1y∗
. (12)

Clearly, y2 < y1 − 0.1 < y − 0.2. Proceeding in this manner, we see that in
at most 9 steps we must arrive at a yn < 0.1, which can be evaluated as in
Step 2. This value would then be connected to the desired arctan value by

arctan y = n arctan y∗ + arctan yn. (13)

Thus, the case of a y between 1 and 0.1 requires only slightly more labour.
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As an example, let us see how π can be computed by hand today, using
the series expansion (??) and the above procedure. We know from the most
basic table of six sine and cosine values that tan

(
π
6

)
= 1√

3
, which gives

π = 6 arctan
1√
3
. (14)

Here, y = 1√
3

= 0.57735026918963 (correct to 12 places after the

decimal). Applying the above procedure, we need to compute

y1 =
y − 0.1

1 + 0.1y
= 0.451294754396176, (15)

y2 =
y1 − 0.1

1 + 0.1y1
= 0.336125583146920, (16)

y3 =
y2 − 0.1

1 + 0.1y2
= 0.228446898450927, (17)

y4 =
y3 − 0.1

1 + 0.1y3
= 0.125578105577671, (18)

y5 =
y4 − 0.1

1 + 0.1y4
= 0.025260884179622. (19)

This is followed by a computation of

a = arctan 0.1 ≈ 0.1− 0.001

3
+

0.00001

5
,

− 0.0000001

7
+

0.000000001

9
,

− 0.00000000001

11
= 0.099668652491154, (20)

and of
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b = arctan y5

≈ y5 −
y3

5

3
+

y5
5

5
,

− y7
5

7
+

y9
5

9
− y11

5

11
,

= 0.025255513142489. (21)

These simple calculations are enough to yield π correct to 10 decimal places,
through the formula

π ≈ 30a + 6b = 3.141592653589564. (22)


